A classical nilpotency result considers finite p-groups whose proper subgroups all have class bounded by a fixed number n. We consider the analogous property in nilpotent Lie algebras. In particular, we investigate whether this condition puts a bound on the class of the Lie algebra. Some p-group results and proofs carry over directly to the Lie algebra case, some carry over with modified proofs and some fail. For the final of these cases, a certain metabelian Lie algebra is constructed to show a case when the p-groups and Lie algebra cases differ. iii
Chapter 1 Introduction and Notations
The study of finite dimensional nilpotent Lie algebras is an active research area that has been investigated by several graduate students at North Carolina State University.
Since there are infinite number of nilpotent Lie algebras of dimension greater than 10, we study their structure in terms of their nilpotency class. Our work has its origins in a group theoretic problem involving finite p-groups. Several well known mathematicians had studied on classifying finite p-groups by putting certain conditions to the subgroups, and looking at the nilpotency class of the groups. In particular, the work in the area of finite p-groups done by I. D. Macdonald in [7] has been studied.
In this dissertation, we aim to study the analogous problem for finite-dimensional nilpotent Lie algebras in which every proper subalgebra or every maximal subalgebra is nilpotent of class less than or equal to some bound. Some of our findings are simple translations from the group theory; however, there are some cases that process the different results from the corresponding results for groups. Also, most of the proofs done for any integers m and n. We also denote x and (x) as an ideal generated by x and a subalgebra generated by x respectively. The following definitions are taken from [7] . Furthermore, the value of [x 1 , x 2 , x 3 , . . . , x n ] is unaltered when x 3 , . . . , x n are permuted in any way.
Lemma 1.2.
For all elements x ∈ L, suppose that x has class n. Then L satisfies the (n + 1) st Engel condition.
Proof. Since x, and [x, y] ∈ x , the commutator [[x, y], x, . . . , x n ] = 0. Therefore, y satisfies the (n + 1) st Engel condition for all y ∈ L. Thus, L is the n + 1 Engel.
Chapter 2 Nilpotent Lie Algebras
In this chapter we review certain properties of nilpotent Lie algebras, which we will need throughout this paper. While the following properties can be found for infinite dimension nilpotent Lie algebras, we only examine the finite case here. Certain theorems and lemmas involving nilpotent Lie algebras are discussed in [1] , [2] , [3] , [5] , [8] , and [9] . 
Ideals and Nilpotency
The intersection or sum of ideals is also an ideal. The following theorem was proved by Jacobson in [5] ; consequently, the proof will not be given here. Proof. Let x i be an element in M + N, so x i = m i + n i for m i ∈ M, n i ∈ N, and 1 ≤ i ≤ k + l + 1. Since M has class k and N has class l, we have
respectively. Next, we consider the commutator
Use linearity to expand the equation (2.1), and obtain 2 k+l+1 commutators such that each entry in a commutator is either in the ideal M or in the ideal N. Observe that each commutator either has at least k + 1 of m i 's or at least l + 1 of n i 's. In either case, the expansion of equation (2.1) equals zero. Hence, we have that
Thereby, the ideal M + N has class at most k + l. This completes the proof of corollary 2.1.
The investigation of maximal subalgebras in a nilpotent Lie algebra has been successfully carried out by Barnes [1] . For every finite dimensional Lie algebra L, there exists at least one maximal subalgebra [8] . Barnes proved in [1] that L is nilpotent if every maximal subalgebra of L is an ideal. The converse is also shown true in [2] .
Theorem 2.2. Let L be a finite dimensional Lie algebra over an arbitrary field K. Every maximal subalgebra of L is an ideal if and only if L is nilpotent.
Frattini Subalgebra of a Nilpotent Lie Algebra
The idea of Frattini theory was originated from the idea of Frattini subgroups. Many mathematicians such as Barnes, Marshall, and Towers had investigated and developed
Frattini theory in another direction by restricting the attention to Lie algebra. In Lie algebra, we define the Frattini subalgebra, φ(L), of a Lie algebra L to be the intersection of all maximal subalgebras of L. The derived algebra of a Lie algebra L is the subalgebra of L spanned by all Lie products [x, y] for all x, y ∈ L. We denote the derived algebra as L 2 . Since there exists at least one maximal subalgebra in L, the Frattini subalgebra,
from [9] and [8] .
Definition 2.
1. An element x of a Lie algebra L is said to be a nongenerator if, whenever
S is a subset of L such that S and x together generate L, then S alone generates L.
In fact Marshall proved in [8] 
Hence all maximal subalgebras are ideals, and L is nilpotent. Thus, we have the following lemma.
Chapter 3
Nilpotent Lie algebras and its associated varieties
It is known that a variety is a class of groups defined by laws or identical relations [6] . For instance, the abelian groups form the variety associated with the law 
then L is nilpotent of class at most n + 1.
Before we can prove this theorem, the following lemmas are needed. Proof. We shall use induction to prove this lemma. When n = 1, we have
Assume true for a fixed positive integer n − 1; that is
Then, we shall show that it is also true in the case of [x 1 , . . . , x n , y].
For convenience, let [x 1 , . . . , x n−1 ] = z. The Jacobi identity gives us
Consider each commutator on the right-hand side separately.
By induction hypothesis and equation (3.1), we have
Similarly,
Thus,
Therefore, [x 1 , . . . , x n , y] is the sum of 2 n−1 commutators of the form [y,
where π ∈ S n . Lemma 3.2. Let L be a finite dimensional Lie algebra over a field of characteristic not
Proof. Let s, t, and y be arbitrary elements in L. We have
This implies we have the identity relation that
for any s, y, t ∈ L. Now, for any a, b, c ∈ L, we consider [a, b, c]; apply the Jacobi identity and the relation in the equation (3.2) to obtain We are now ready to prove theorem 3.1.
Proof of theorem 3.1. We shall use induction on n.
, and L has class 2 by lemma 3.2.
Suppose the result holds for a fixed integer n − 1; that is if [x, y 1 , . . . , y n−1 , x] = 0, then L has class at most n − 1 + 1 = n. We have to prove it is also true for any n.
Consider a Lie algebra with
Let x = u + v for some elements u, v ∈ L, and we expand equation (3.3) to get
As a result, we expand the above equation and employ the result from lemma 3.1 to
where y 1 j , . . . , y n j are certain permutations of v, y 1 , . . . , y n−1 respectively.
Put y n = u in the equation (3.4) , then the identity in the equation (3.3) show that the right hand side of equation (3.4) is 0. That is
L/Z(L) has class at most n − 1 + 1 = n; therefore, L is nilpotent of class at most n + 1.
The variety
Let L be a Lie algebra over a field F of characteristic not equal to 3. If
Proof. We are given that 0 = [x, y 1 , . . . , y n ; x, z 1 , . . . , z m ] (3.6)
Therefore, respectively. Then equation (3.7) becomes
Then, equation (3.6) shows that each commutator in the right-hand side of equation (3.8) is 0. That is
has class n by theorem 3.1; as a result,
. This concludes that L m+1 has class no more than n m+1 + 1. Proof. Let y = s + t. We have
Therefore,
∈ L and apply the Jacobi identity and the identity relation from equation (3.14) to get
As a result, we have 3
L has class at most 3.
Chapter 4 Metabelian Nilpotent Lie Algebras
In the theory of groups, a classical theorem centered on the study of finite nonabelian group of which every proper subgroup is abelian. In 1963, the author of [7] considered this problem in the direction of finite nilpotent groups. The generalization lied on the class of finite p-groups of which every proper subgroup is nilpotent of a given class.
The emphasis of this chapter concerns the class of finite nilpotent Lie algebras. We shall first look at the case when a Lie algebra is metabelian of which every proper subalgebra is nilpotent of a given class. In any nilpotent Lie algebra, the product of two ideals with class m 1 and m 2 respectively has class at most m 1 + m 2 . Since every maximum subalgebra of a nilpotent Lie algebra is an ideal, and if every proper subalgebra has class at most n, then the class of the Lie algebra is at most 2n. We shall further address the question of when the class of a nilpotent Lie algebra is precisely 2n.
Nilpotency Class of Metabelian Lie Algebras
Recall that a metabelian Lie algebra L has a property that [x, y; u, v] = 0 for any elements x, y, u, v in L.
Theorem 4.1. Let L be a finite dimensional metabelian Lie algebra over a field F and suppose that L has class precisely 2n with every proper subalgebra of class at most n.
Then
1. If F has characteristic 0, then n = 1.
If
Before we prove theorem 4.1, we gather elementary facts.
Lemma 4.1. Let L be a finite dimensional Lie algebra in which every maximal subalgebra has class at most n. Then 1. x , the ideal generated by x, has class at most n for all x in L, and L satisfies the
2. if L has class precisely 2n, then two elements generate L. Proof 1.
Consequently, x is a proper subalgebra of L, and x has class at most n. As a result, L satisfies the (n + 1) st Engel condition by lemma 1.2.
Proof 2.
Suppose L has class precisely 2n, and let M be a maximal subalgebra of L. M is also an ideal in L because L is nilpotent. We choose an arbitrary x ∈ L such that x / ∈ M, then L = x + M. By lemma 2.1, the ideal x has class precisely n. Because of x, y 1t 1 has class greater than n, we can conclude that x, y 1t 1 = L. This complete the proof of this lemma; we are now ready to prove theorem 4.1 in which we rely heavily on lemma 1.1.
Proof of theorem 4. Suppose n > 1, and that L has class precisely 2n. We denote
where 0 ≤ r ≤ n − 2.
We then have we continue on proving the theorem, it is easier to look at a concrete example first. We digress from the proof for any n to show a specific case when we let n = 5.
Example 4.1. Choose n = 5 > 1, and r varies from 0 to 3.
We then have
where 0 ≤ r ≤ 3.
Thus, we have four possibilities to form a commutator of length 10. • Equation (4.2) has four of the a's (the first entry and the last three entries). Using linearity, we can obtain an additional entry of a from five choices of the a + b's.
Observe that the first a + b must contribute a b in the second entry. Using lemma • Equation (4.3) has three of the a's; we can obtain two more of a's from five choices of the a + b's. Thus, the expansion of (4.3) gives
• The expansion of (4.4) gives • The expansion of (4.5) gives
Note that L is metabelian and, by lemma 1.1, we can permute the last eight entries in each commutator of length 2n mentioned above to be in the form of c = [a, b, a, b, b, b, b, a, a, a] .
Then we consider two cases.
Case I when char(F ) = 0 we then have Case II when char(F ) = p and 5 = p α (p does not divide 5). The greatest common divisor of
for some α i ∈ Z. Consequently, we multiply the above equation by c on each side and yield that c = 0.
As a result, a commutator of length 10, (n = 5) equals 0, and L has class at most 9 which is a contradiction. Thereby, n=1. Since L is metabelian, we can permute each commutator above and put it in the form of Thereby, a commutator of length 2n in L equals 0. L has class at most 2n − 1 which is a contradiction. As a result, n must be 1. This complete the proof of theorem 4.1.
In Summary, L is a finite metabelian Lie algebra over a field F. L has class precisely 2n with every proper subalgebra of class at most n. Then 1. If characteristic of a field F is 0, then n = 1.
2. If characteristic of a field F is p, where p is a prime number and n = p α (α ∈ F ), then n = 1.
Note that the result of n = 1 holds in the case of finite p-groups as well. Next, we move to consider the nilpotency class in the case of a metabelian Lie algebra when n is a power of a prime number p. Unlike the two cases previously mentioned in theorem 4.1, we attempt to show that n does not have to be 1, which is different than the result originally derived by Macdonald in groups.
The case of char(F ) = p and n = p α
The aim is to build an example of a finite metabelian Lie algebra to show that n can be greater than one if char(F ) = p and n = p α , where α ∈ F . We start by building a Thus, we have L = {a ij | 1 ≤ i, j ≤ n}, and dim(L)= n 2 .
operator d x attaches an additional x into each string of a ij , so we can build another Lie
We denote
Proof. Let a ij , a st be elements in L ′ for 1 ≤ i, j, s, t ≤ n. Since [a ij , a st ] = 0, it is enough to show that
It is then possible to form another Lie algebra,
For convenience, we define y = a 01 . Thus,
th Engel condition since a ij = 0 whenever i or j is greater than n. Also, we can see that
Thereby, L ′′ has class precisely 2n. Observe that the Lie algebra L in example 4.2 is the derived algebra of
We have built a metabelian nilpotent Lie algebra L ′′ of class precisely 2n. We only have to show that every proper subalgebra has class at most n.
Lemma 4.3. Every proper subalgebra of L ′′ has class at most n.
where t is a linear combination of x and y, t = αx + βy say. Consider
We use linearity to expand equation (4.6) as a sum of commutators. Then
• all commutators that contain scalar multiples of t's in the first two terms are zero, and
• all commutators with more than one d i are zero.
Therefore, the expansion of equation (4.6) yields
We consider each commutator in equation (4.7) terms of x's and n + 1 terms of y's respectively. The sum of remaining commutators is zero because n = p α and char(F ) = p; as a result, p divides
Similarly, we can show that the commutator [d 1 , c 2 t, . . . , c n t, c n+1 t] = 0. Hence, the expansion of equation (4.6) equals zero, and H has class at most n. So, any proper subalgebra of L ′′ has class at most n.
Overall, we built a finite dimensional Lie algebra L ′′ over a field F of characteristic p such that L ′′ has class precisely 2n for any n ≥ 1, and every proper subalgebra of L ′′ has class at most n. Note that L ′′ satisfies the (n + 1) st Engel condition by lemma 4.1.
Remark that the result of n greater or equal to 1 in this case of n = p α does not hold true in groups. The value of n is always 1 when dealing with finite p-groups regardless of the relationship between n and p.
We remark that the result of n greater than or equal to 1 in the case of n = p α does not hold true in groups; n is always 1 when dealing with finite p-groups regardless of the relationship between n and p.
Chapter 5
Nilpotency of Non-metabelian Lie
Algebras
In this chapter, we relax the metabelian assumption. Without this property, the problem for determining the class of a Lie algebra becomes more difficult.
The General Theorems
We shall first explore the bound of the class of a Lie algebra given a condition related to its n-generated subalgebras. The following theorem was originally discussed in [4] as a group theoretic problem. Instead, we consider the theorem in the direction of Lie algebras.
Theorem 5.1. Let L be a Lie algebra over a field F of characteristic not equal to 3. If every n-generated subalgebra of L is a nilpotent of class at most n, then L has class at most n.
Proof. Assume that every n-generated subalgebra of L is a nilpotent of class at most n.
For a 1 , . . . , a n−3 , x, y, z ∈ L, we have [x, y, y, z, a 1 , . . . , a n−3 ] = 0.
L/Z n−3 (L) has class no more than 3. Thereby, L has class no more than 3 + n − 3 = n.
Next, we wish to determine a bound on the class of a given nilpotent Lie algebra, provided that we know about the class of its given subalgebras. In the next theorem, n denotes the class of every subalgebra of dimension r, and m denotes the difference between the dimension of a given Lie algebra and the dimension of a given subalgebra.
Theorem 5.2. Let L be a Lie algebra of dimension r+m and class more than n. Suppose each subalgebra of dimension r has class at most n. Then L has a set of m + n elements which generates L.
Proof. Suppose that each set of generators of L contains at least m + n + 1 elements.
Let x 1 , x 2 , . . . , x n+1 be arbitrary elements in L. Suppose H n+1 = x 1 , x 2 , . . . , x n+1 and dim(H n+1 ) ≥ r + 1. We then form a strictly increasing chain
by adjoining one additional element at a time.
and L is generated by n + m elements; which is a contradiction. Therefore, the dimension of H n+1 must be less than or equal to r; that is, dim(H n+1 ) ≤ r for any n + 1 elements in L. Consequently, H n+1 = x 1 , x 2 , . . . , x n+1 has class n by assumption. Since each x i is arbitrary chosen, the product of any n + 1 elements is 0; thus, L has class n, which is a contradiction. Thereby, L can have at most m + n generators. Proof. Since L is a nilpotent Lie algebra, we can find a proper subalgebra of L that contains L 2 and has co-dimension 1. We shall use induction on m.
For m = 1, dim(L) = r + 1, and every proper subalgebra of dimension r has class n and is an ideal of L. By corollary 2.1, L has class at most n + n = 2n.
Suppose the result holds for m = k. We shall prove that it is also true for m = k + 1.
Suppose m = k + 1, and dim(L) = r + k + 1. We can find two distinct proper subalgebras of L that have co-dimension 1. By induction hypothesis, these proper subalgebras have class at most 2 k n. Therefore, L has class at most 2 k n + 2 k n = 2 k+1 n by corollary 2.1.
Hence, the class of L is bounded by f (m, n) = 2 m n for some positive integers m and n.
Some cases with small m and n
Recall that the result of theorem 5.3 gives a general formula for the bound on the nilpotency class. We proved the results in the classical case in theorem 4.1 when m = n = 1. In this section, we explore the bounds on nilpotent class in the cases of small m and n other than the classical case m = n = 1. We assume that a Lie algebra L has dimension r + m and every subalgebra of dimension r has class n. But we first gather elementary fact in the next lemma.
Lemma 5.1. Let L be a nilpotent Lie algebra of dimension r + 1. Suppose that L is generated by two elements, and every subalgebra of dimension r has class at most 2.
Then L is metabelian.
Proof. Suppose {a, b} is a generating set of L. Now, we shall show that L 2 is abelian. Consider [x ij , x kl ], where i, j, k, l ∈ Z + . If
Hence, at least one of the two commutators must have length at least three. Also, x ij and x kl are in both M and N since they contain a's and b's. We have to consider three cases. At this point, we are ready to look at class bounds in the cases of small m and n.
Corollary 5.1. Let L be a nilpotent Lie algebra over a field of characteristic not equal to 2. Suppose that L has dimension r + 1 in which every subalgebra of dimension r has class at most 2. Then L has class at most 3.
Proof. Observe that L has class at most 4, and by theorem 5.2, we may assume that L is generated by at most three elements. Consider the following possibilities Case 1. Suppose no two elements generate L.
In this case, each (x, y) is a proper subalgebra of L that has class 2. Note that L satisfies the 2 nd Engel condition; that is for any x, y, z ∈ L,
Therefore, we have the relation that for any x, y, z ∈ L, The results from both equations (5.6) and (5.7) lead us to conclude that
Thereby, L has class at most 3. Note that if the characteristic of the field F is not equal to 3, then L has class 2 by lemma 3.2.
Case 2. Suppose L is generated by two elements.
In this case, L is metabelian because of lemma 5.1. Consequently, by theorem 4.1, the class of L cannot be precisely 4, and so is at most 3. From the preceding two cases, L has class at most 3.
Corollary 5.2. Let L be a nilpotent Lie algebra over a field of characteristic not equal to 2. Suppose that L has dimension r + 2 in which every subalgebra of dimension r is abelian. Then L has class at most 3.
Proof. This is an immediate consequence of corollary 5.1.
Next we move to look at the theorem that concerns the special case when m = n = 2, which is harder.
Theorem 5.4. Let L be a nilpotent Lie algebra over a field of characteristic not equal to 3. Suppose L has dimension r + 2, where r is a positive integer, and every subalgebra of dimension r has class at most 2. Then the class of L is at most 4.
Proof. We know from theorem 5.2 that either L has class at most 2 or L has at most 4 generators. If L has class at most 2, we are done. Suppose L has at most 4 generators.
Since L is nilpotent, dim(L/L 2 ) ≤ 4. We have to consider all possibilities as follow.
Every subalgebra generated by two elements is contained in a subalgebra of codimension 2, which has class 2. L satisfies the 2 nd Engel condition and has class at most 2.
Case 2. Let L be generated by 3 elements; that is dim(L/L 2 )=3.
Suppose every maximal subalgebra of L has less than 3 generators. Let M = (a, b) + L 2 be an arbitrary maximal subalgebra of L generated by 2 elements; dim(M/M 2 ) = 2.
Observe that
dim(L/L 2 ) = 3, dim(L/M) = 1, and dim(M/M 2 ) = 2. We obtain that L 2 = M 2 for all maximal subalgebras of L. Next consider
Observe that 
Therefore, L 2 = L 3 = 0, and L is abelian.
Assume therefore that there exist a maximum subalgebra K generated by no pair of its elements; that is dim(K/K 2 ) ≥ 3. For any x, y ∈ K, the subalgebra generated by x and y is not in K. Thus, x and y are contained in a maximal subalgebra P of K. Then dim(P ) = dim(K) −1 = dim(L) −2. Since P is a subalgebra of L with co-dimension 2, P has class at most 2. K satisfies the 2 nd Engel condition which is [x, y, y] = 0 for any x, y ∈ K. Hence, K has class at most 2 by lemma 3.2. We then consider L = z + K for some z / ∈ K. Because z ⊆ (z) + L 2 and dim(L/L 2 ) = 3, we can say
Therefore, L has class at most 4.
Case 3. We are left with the final case in which L is generated by 2 elements.
Suppose L is generated by {a, b} and dim(L/L 2 ) = 2. Then the algebra generated by x and L 3 for any x ∈ L has class 2. Thus, we have the identity The fact in equation (5.12) is enough to establish that L has class at most 4. Thus, the proof of theorem 5.4 is complete.
